
Fourier Analysis 04 - 20

Review
.

• Heat equation on the real line
.

Thmm (uniqueness ) .

Suppose U -- UH.tt satisfies the following conditions ,
① UE C(⇒R+ ) n ECKART ) ,

where fRxTR+= f-go)x[0,0) .

tag.

② 2¥ = III on Rx Rt

③ Ufx , o ) = O
,
XEIR

④ Uf. . t ) belongs to SCR) uniformly int .

Then Ufxit) Io on 113×113-1

of A proof using the energy method .)
Ect) - Sir I UCx.tl Pdx

,

Eth Eo



• steady - state heat equation on the upper half
plane .

f
AU - III. + 3¥ - o ,

XEIR
,
y > o

Ufx , o) = fan , XE IR
.

A solution :

UTS , y) =ftp.ge-21T/3fyU-fx.yI=f*pyCx)
,

where 3yCxi= # Fey.
( Poisson kernel on the

upper half plane )
Them

. Let fe SGR) and UG ,H= f- * 3gal .
Then ① UE CT IRXIRT ) and 04=0

② Ufx , g) ⇒ fan as y -so

③ flux , y ) - fan Pdx -so as y -so

④ UH , y ) → o as fxlty →



Thm I ( Uniqueness )

Let Usx. y ) E C
-

( 112×112-1 ) NC ( IRXIRT )
.

Suppose OU ⇐ 3¥ t III. =o on lRxlR+
.

{ ufx , o) = 0
Moreover

, suppose Ufx , y ) -20 As lxlty → to
.

Then Ulxiy 1=-0 on Rx Rt
.

Remake : The assumption Uto
"

at infinity "
cannot be dropped .

For example : If letting UG , y ) - Y
,
. . . .



Lemma a ( Mean value property of harmonic
functions )

Lets be an open set in IR? Let

Uecker)
. Suppose Bp HER

84=0

µ , g) GIRL : 4*05where Bplxoig ) : = {
+( y - yo)'sRJ

Then tf oars R ,

Ufxo, yo ) = IT fo
"

Ufxotrcoso, Yotrsin!

r.in.w.



Proof. We write

Ucr, o) = Ufxotrcoso, got r sino)
,

where oars R
,

of OE 27

We also have

AU = 0

However
,

au =
'

II + FILI t # IT.

.

Hence .MY#trIY-t2IoU-=orIrfr.FrI+EoI.--o
Now define

For , = ¥! Ucr , ol do , oersk .
d

r .# fr . It ) - *fi
"

r . Frfr :# do



= - Fifo
"

II do

= - En Fol :*
= @

Hence # rdat ) - o
⇒ rd = const

.

as r→o
,
defy is bold

so rdf
Jr

= O

i.e =o ⇒ F is a constant

Hence for ) - fol -¥o" Ufo , o) do
= # fo"u(xo , yo ) do
= Ulxo , Yo )

Mke
.



Proof of Thin 't .
-

:

Suppose on the contrary that U # 0

Then I Go , yo ) E IR x Rt such that

Ufxo , Yo ) to .

8i=
WLOG, assume Ufxo , yo ) so . (otherwise

ya
we consider - U )

.t.us
'sso

since Ufx . b) → o as Atty → + is ,

we can find a large R > o such that
'

'

Ufx , y ) SSE outside Bp ( o , o )



Now
,
U is Cts on Bp loin ⑥xRI

Hence U obtains the maximum

at Grisi ) in Brom n RXIRT
.

Ufxi , Y , ) Z U (Xo, bo ) = 8
.

By the mean value property

UH
, 4) =¥ULx ,

trooso
,
yitrsino)
do

It follows that
Ufxi, o ) = Uhh , Y , ) Z S > o .

This leads to a contradiction
.

ITA


